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ABSTRAGCT

Ira A. Fine, The Development of a Unit on Fractal Geometry Appropriate for the
High School Student, 1885, J. Sooy, Mathematics Education.

The purpase of this study was to develop a three week fractal geometry
unit plan and analyze its success at the high school level, The researcher
gevaluated the research and literature related to fracial geometry and fractal
geometry education suitable for the high schogl student. A fractal geometry unit
plan was constructed. Topics covered in the unit plan included intreductory
concepts, the Koch curve, Sierpinski's triangle, coastline lengih, the chaos
game, complex numbers, the Mandelirot set and computer generated fractal
images.

The unit plan was taught to three tenth grade honors geomelry classes at
Washington Township High School in Southern New Jersey. Each class
consisted of about twentyfive students. The students were given six short
quizzes and a final test consisting of twentyfive open ended questions to
measure the success of the unit plan. All quiz and test means for the three
clasaes were sightyfour or above. Based on the anélysis of the quiz and test
data the researcher concluded that the fractal geometry unit plan was

successful.



MINI-ABSTRACT

Ira A. Fine, The Development of a Unit on Fractal Geomefry Appropriate for the
High School Student, 19895, J. Sooy, Mathematice Education.

The purpose of this study was to construct a fractal unit plan and analyze
its success at the high school level. A fifteen day unit plan was developed and
taught to three high school level geometry classas. This study concluded that

the unit plan was successiul,
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CHAPTER 1
Introduction to the Study

nir 8]

This chapter discusses fractal gecometry and the problem of
creating a fractal geometry unit plan. The chapter includes background,
the statement of the problem, the significance of the probtem, the
limitations of the study, the definition of terms, and procedures for

Implemeanting the study.

Background

Fractal geometry is & new branch of mathematies. Although some
of the underlying concepts were discovered by Georg Cantor in the later
part of the nineteenth century and Gasion Julia in the early part of the
twentieth cantury, fractal geometry has existed as a subject in its own
right for approximately twenty years {Peitgen, Jurgens, & Saupe, 1992) .
It became a formal subject largely due to the work of Beneit Mandeibrot in
the nineteen seventies (Gleick, 1987) . While working at IBM Research
Laboratories he discovered many of the concepts of the subiect and
invented much of its vocabulary. The use of computers with fractal
geometry has added lo the development of the subject within the last ten
ysars,

Fractal Geometry has many artistic and practical applications.

Computer programs can be used to produce an endless array of coloriul



abstraci designs based on fractal graphs (Gleick, 1987) . Edward Lorenz
has shown how fractal geometry ¢can be used in the prediction of weather
patterns (Peitgen et al., 1982) . Many plants, animals and geological
formations can best be represented by using fractal medels (Petersan,
1990) . "The 19th-century mathematicians may have been lacking in
imagination but nature was not * ( Mandelbrot, 1883, p. 3). Medical
research is beainning to discover how some of the concepts of fractal
geometry can be used in conjunction with computers to monitor human
heartbeat rates (Goldberger, Rigney, & YWest, 1290} .

The field of education usually lags several years behind the most
recent advances and discoveries in a subject. This is especially frue in
the field of fractal geometry due tc the newness of the subject. For the
mathematics teacher who is interested in introducing his or her students

to fractal geometry there are very few resources available.

Statement of the Problem

The purpose of this study is to construct and analyze the success

of an educationa! fractal geometry unit plan at the high school level.

Significance of the Problem

The researcher has recently examined several high school algebra
and geometry fext books., The researcher has found that there is very
little material available on fractal education in high school algebra and

geometry text books. Almost alfl of the literature and resources about



fractal geometry address theéubject on a level beyond the scope of the
high school student and is not of an educational nature.

Fractal geometry is a new branch of mathematics. Many of the
concepts and applications of fractal geometry can be taught on a level
sulitabie for the high school student. Therefore there exists a need for a

complete fractal geometry unit plan as a resource for the high school

mathematics teacher.

Limitation h
There are three major sources of infarmation for this study.
A. Educational and scientific journals with articles pertaining to
fractals or fractal education.
B. Books about fractals or fractal education.
C. Information about fractal geometry available on the internet.
This includes standard text infarmation and computer programs

for generating fractal images.

The prerequisite courses for the fractal geometry unit plan are
Algebra | and Geometry (or currently taking Geometry). The unit plan is
limited to three weeks of instruction. The unit plan will be piloted with
three academically advanced sophomore geomedry classes at
Woashington Township High School. Classes are forty five minutes long
and meet five timas a week. Computer workstations with BASIC on-line

are needed far some of the lessons. Washington Township High School



has a student population of about two thousand five hundred students.
The high school has a graduation rate of almost one hundred percent.
After graduation approximately forty percent of the students attend a four
year college and approximately forty percent of the studenis aitend a two
year junior college. Washington Tewnship is a middle and upper middle
class suburban community located in Southern New Jersey. The
township has experienced tremendous growth in the last fifteen years and

presently has a population of about forly five thousand.

Definition of T
BASIC - the programming language used in this study which is capable of
generaling fractal images

fractal - a model in which a part is similar to the whole and this process
can be repeated indefinitely with smaller and smaller sections (Paterson,
1990)

fractal geometry - the study of fractals

internat - a global web of computer networks accessible from personal
computers

similar - models or drawings which are the same shape but not

necessarily the same size.

Pracedures
The first phase is tc read and analyze the literaiure and research

relating {o fractal geometry. Most of the literature and research is in the



farm of standard text and some is in the form of computer programs. The
second phase of the research is to form a three week fractal geometry
unit plan. The third phase is to field test the unit plan during the month of
February 1995. The sample in this study is three academically advanced
sophomare geometry classes at Washington Township High Schoaol.
Each of the classes in the study has about twenty five studenis. The
author is the instructor for all classes participating in the study. The last
phase of the research is to analyze the success of the unit ptan. Success

is measured by student performance on tests and quizzes.



GHAPTER 2

Review of Belated Research and Literature

lotreduction

The primary purpase of this thesis is to construct an educational
fractal geometry unit plan suitable for the academically tracked high
school student. There is very little research and literature relatad to fractal
gecrmetry education on the high scheol level. Most of the research and
lterature concerning fractal geometry does not address the educational
aspect of the subject and is presented on a mathematical level beyond
the scope of the high school student. There are however several books
and articles about fractal geometry which contain relevant information
suitable for the high school student. Most of these books and ardicles are
not structured in the form of fractal lessons but are strictly a discussion
and explanation of various fractal geometry topice. Thase sources are
discussed In more detall in the related literature section of this chapter.

The intemnet is another source of information on fracial geomelry
and computer programs for generating fractal images. These
electronically transmitted messages and programs will also be elaborated
on in the related literature section of this chaptler.

A second purpose of this thesis & to analyze the success of the
unit plan in the classroom setting. Thers is vary little research concerning
the success that educators have achieved in teaching fractal geometry on

the introductory level. Mathemalice Teacher has published a few articles



ghout the teaching of specific fractal geometlry topice and to what degree
the lessons have mel with success. These articles and other sources
addressing the educational aspact of fractal geometry will be elaborated

in the related research section of this chapter.

Review of Related Regaarch

The Mathemaiics Teacher is & monthly journal devoted to
educational aspecis of mathematics. There are four articles from this
journal that the researcher finds relevant to this study.

In a 1990 article, Kern and Mauk present a mathod of intraductory
fractal instruction. They suggest that the initial concept of fractals be
presented in the context of natural phenomenon such as a fern, a twig
and a coastline. The authors write that the students should be introduced
to the Koch showflake as an example of a formal fractal shape. Kemn and
Mauk discuss the use of the computer language Logo as a means of
axplering the Kach snowflake with the students. The authors explain how
to write an algorithm for generating the Koch gnowflake using Loge and
then suggest that the students run the program several times using
different starting parameters. Students are encouraged to write ather
programs for generating differant fractal curves. Itis suggested that the
concept of fractal dimension be introduced after the fracial designs have
besn generated and discussed. The authars explain how fractal
dimensicn differs from classical Euclidean dimansion. The fermula for

calculating fractal dimension is presented and the fractal dimension of



various fractal shapes is computed. The article concludes by mentioning
why fractal geometry should be taught on the secondary schaal level.

The authors wiite that fractal education generates mathematical inlerest
and excitement. They mention that the exploration of fractals can lead the
student to the study of other mathematical topics.

In a 1890 article, Barton writes that a method of producing fracial
images called the chaos game generated a tremendous amount of
interest among his students. The author explained to his students the
steps involved In playing the chaos game. Barton suggests having
students play the chaos game to determing a few dozen points to make
sure that they understand the progess involved. Generating a frac{al
mmage by playing the chaos game and using pencil and paper is a vary
tedious procedure and thousands of points would have to be generated in
order to produce a fractal image. Students who were familiar with the
computer tanguage called Basic were encouraged o wrile programs to
generate fractal images using the chaocs game. According to Barten, his
students reacted with surprise and interest to the visual images produced
by their computer programs. A Basic program for generating fracial
images using the chaos game is presented in the article. The author
suggests encouraging students to procuce other fractal designs by
varying some of the parameters in the program. Barton then showed his
students how to produce computer images of a fern using fractat
generating methods. The author writes that experimenting with the chaos

game and computer programs helps students develop an



understanding of randomness and fractal self-similanty.

In a 1991 article, Camp advocates presenting the Koch snowflake
as vehicle for introducing fractai geometry. Camp mentions that the
procedure for generating the Koch snhowflake is an excellent way to
introduce the students to the concept of iteration. The author says that
the iterative process is used io generate many fractal images and that the
students should investigate some of these images on thelr own.
Extending the Koch snowflake from two fo three dimensions is very
interesting and produces a lot of excitement ameong students according o
Camp. It is suggested that the lessons be taught to a pre-calculus level
class. The algorithm for generating the Koch snowflake is explained. The
formulas for caleulating side length, number of sides, perimeter and area
are developed and discussed. The author then suggests that the
students be taught the three-dimensional Koch snowflake. Camp explains
the algorithm and formulas involved. The best way to demonstrate the
three-dimensional Koch snowflake is to construct 2 model using paper.
The author suggests that students be allowed fo construct their own three
dimensional modeis and explains the procedure for construction. |tis
recommended that the students be allowed o discover many of the
properties of the three-dimensional Koch snowflake while they are
constructing it. Camp suggests allowing students te write their own
programs for generating the two-dimensional Koch snowflake and also
nresents a program written in Pascal if the instructor would rather

demonstrate a computer program to the class.
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in & 18993 adicle, Coes says that self-similarity is ong of the central
ideas of fractal geometry. He say that if the instructor succesads in
teaching students the notions of self-similarity, they will then have a
deeper understanding of the more canventional concept of Euclidean
similarity. The author suggests using equare tiles and interlocking cubas
as a method of teaching students an all levels the concepts of self-
similarity. First the students should explore the traditional concept of
similanty by constructing similar madels. This should be done in two and
three-dimensional. Coes then describes how to arange the square tiles
ga that they begin to form a fractal pattemn. The ideas of self-similarity
should he discussed with the students as it relates to the models they
construct The author writes that the notion of seli-similarity becomes
mare obvious as the students construct more complex models using the
square tiles. After the studants have explorad and discussed the concept
af self-similarity using the square tiles, three dimensional models
exhibiting self similarity should now be constructed using the solid blocks.
In the articie Coes includes pictures of how the squares and blocks can be
arranged to exhibit self-similarity. The author then suggests introducing
the student to the concopt of fractal dimension. The method of camputing
fractal dimension is explained. The students should then calculate the
fractal dimensions for the models which they have created. Coes also
emphasizes that the students should be made aware that the models

which they create are not true fractale because of the fact that the models
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are finite. The self-similarity in a truly fractal object can be found an
infinite number of times.

Vojack (1989) constructed a packet of fractal geometry lessons
intended to be included in a high school pre-caleulus class. Vojack's
packet is divided info three lessons. The first lesson is an introduction fo
camplex numbers. The second lesson explaing complex functions and
the concept of iteration. The third lesson concerns itself with Julia sets.
All of the lessons include objectives, definitions, examples, exercises and
teaching suggestions. A few additional worksheets are also included in
the packet. The author does not discuss or mention what degree of
success the packet has had as a guide in introductory fractal educafion.

Peitgen et al. {1991) published a two volume set of fractal
geometry lessons for the high school level student. The lessons show
how fractals are related to many different branches of mathematics. The
authors frequently emphasize the dramatic visual images which fracial
geometry can produce. The lessons focus on having the student create
the fractal design or pattern which iz being explored. EBlackline masters
are provided as a foundation for student constructions and step by step
instructions are included. Each section concludes with several questions
about the lesson. Some of the questions require speciiic mathematical
calculation and some are more general in nature, requiring the student to
reflect upon the fractal nature of the construction. The end of each
volume has a compiete answer guide to the questions in each lesson.

Volume cne is an introduction to fractal geometry and consists of thirty
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lessons which are presented in a style which emphasizes the visual
interpretation of concepts. Topics include self-similarity, Sierpinski's
triangle, Pascal's triangle, fractal trees, the chacs game, and fractal
dimension. Volume two extends the exploration of fractals on a more
mathematical level. lteration of specific functions is explored from an
algebraic and geometric point of view. The concept of chaos is
discussed. Many mathematical models of chacs are presented and
graphically represented. Complex numbers are introduced and the
Mandelbrot and Julia sets are introduced. Many activities and questions
are included which help the student understand the properties of the two
sets. The volume concludes with activities about generating the

Mandelbrot set on a graphing calculator.

Review of Relafed Liferature

The Fractal Geometry of Nature is a book of significant

importance to this study because its author, Benoit Mandelbrot, is the
mathematician whom is generally given credit for inventing the field of
fractal geometry. A large portion of this boak is understandable with only
a knowledge of high schoal algebra. Mandelbrot (1983) discusses the
concept that the world we live in is not Euclidean in the sense that it is not
composed of straight lines and circles. Instead nature is composed of
irregular and random variations in its shape and form. The length of a

coastline, the profile of a mountain, the branching of a free, and the
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outline of a cloud are all examples of this phenomenon and are discussed
by Mandelbrot (1983).

The Koch curve and the Sierpinski triangle are examples of the
concept of iteration. These models are included in the researcher's unit
plan and are analyzed by Mandelbrot (1983). Determining the length of a
coastline is another introductory fractal problem which is included in the
researcher's unit plan and is discussed by Mandelbrot (1283). The
researcher includes several lessans on the development of the
Mandelbrot set which is named after Benoit Mandelbrot who discovered it.
Mandelbrot (1883) explains how the Mandelbrot set is created and its
importance to fractal geometry.

Peitgen, Jurgens and Saupe (1932} present a very thorough
treatment of most of the topics which are normally covered in an
intreduction to fractal geometry. Hleration, self-simiarity, the Koch curve,
the Sierpinski triangle, and the chaos game are fopics covered in the
researcher's unit plan and are also discussed In detail in the boak.
Pellgen et al. also include some hingraphical information about Georg
Cantor, Gaston Julia and Waclaw Sierpinski. These are mathematicians
whose work contributed to the deveiopment of what would become fractal
geormetry.

The majority of the topics in this work are presented on a
mathematical level beyond the scope of the unit plan developed in this

thesis. Trigonometry, logarithms and matrices are frequently employed by
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ihe authars. The researcher's unit plan is intended for students who have
naot yet encountered these topics in their mathematical training.

Bamsley (1883) and Gulick (1992) have written text books which
are very complete in their treatment of Tractal geometry. These works are
presented in the structure of definition, theorem and proof of theorem.
The level of mathematical rigor developed by the authors is not suitable
for an introductery fractal unit plan intended far the high achool etudent.
These text books are suitable for use in a college level course on fractal
geornetry.

Gleick (1987) and Briggs (1%92) are authors of books about a wide
range of fractal geometry topics. Gleick and Briggs have written their
books an a level which requires no specific knowledge of mathematics.
Almost all the ideas developed in these warks are presented on a level
which does not revert to mathematical equations and formulas. Bath of
these volumes are an introductory examination of fractal geometry's
history, applications and visual manifestations and can be understood by
the layman with almost no mathematical training. Gleick goes into great
depth developing the notians of strange atiractors and chaos. Briggs
concentrates more on developing the visual aspecis of fractal geometry
and includes a large selection of high quality color photagraghs depicting
fractal images which have been computer generaied.

Peterson (1990) and Engel (19289) have published hooks which are
not devoted to the subject of fractal geometry, but do include a chapter

which gives the reader a brief introduction into many of the ideas of fractal



10

geometry. Peterson explaing, on a non mathematical level, the Koch
snowflake and the Sierpinskl trizngle. The fractal nature of the world we
live in is explained by using mountains, trees and ferns as examples.
Engel's chapter also includes a discussion of the Koch snowtlake and the
Sierpinski trizangle and includes a brief explanation of fractal dimansion
and the Mandelbrot set. Engel's treatment of fractal dimension and the
Mandelbrot set does require the reader to have an understanding of
algebra and logarithms.

Many articles about fractal geometry have been published in
journals and magazines. There are two articles which appeared in
Scientific. Amercan and are of value to this thesis. Jurgens, Peitgen and
Saupe (1890) discuss how fractal gecmetry can be used to construct
models of irrequiar shaped object in nature. The relationship batween the
Mandelbrot and Julia sets 15 explained by the authers. The authors also
explain how interesting images can be generated by zooming in on
sactions of the Mandelbrot set. Dewdney (1990) explains in specific
mathematical terms how to define the Mandelbrot and Julia sets. A
knowledge of complex arithmetic is needed. General algorithms for
generating the Mandelbrot and Julia gets are developed by the author,
The relationship between the two sets 18 explored.

Many articles have been published about the use of fractal
geometry with regards to dala compregslon. Data compression, a3 it
applies in this context, refers to the process of reducing the number of

bytes required by a computer fo reproduce an image. Waters (19589),
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Gibbs (1993) and Proise (1994) have all published aricles which discuss
the process of fractal data compression. The articles explain the basic
principle of fractal data compression. A fractal formula is used to recreate
a section of the image instead of recording the section pixel by pixel. The
authors use specific examples to show how this is accomplished.

Goldberger, Rigney and West (1990) explain how some
physiological phenomenon have fractal properties. The authors discuss
how the branching of the blood vessels in the human hody is of a fractal
nature because the vessels repeated divide into smaller blood vessels.
The rhythms of the heart are also discussed in fractal terms. The article
discusses that if heart rates are looked at as a fractal pattern, this could
potentially have benefits for person suffering from various forms of heart
disease. The authors mentiaon that medical researchers are just beginning
to appreciate the potential value of viewing physiological anatomy and
functions in a fractal context.

The Internet is a source of information about fractal geometry. The
Internet has a large database of what are referred to as FAQs, which is an
abbreviation for frequently asked questions. The FAQ on fractal geometry
is a collection of twenty-seven questions and answers relating to fractal
geometry (Sherriff, 1884). The FAQ includes such topics as fractal
dimension, the Mandelbrot s2i, the Julia s&t, complex atithmetic, chaos,
gtrange attractors, and a general reference list of material available about

fractal geometry.
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The researcher belongs to a fractal internet mailing list. This is
group of several hundred persons with an interest in fractal geometry who
post questions, answers and comments eon a wide range of fractal topics
via the internet e-mail system. On the average there are about five
messages posted daily. Many of the messages are on a mathematical
level beyond the scope of the researcher’s thesis. Some of the messages
do discuss topics which are of general interest and are of value to the
researcher's thesis.

There is a large selection of fractal images available to be
downloadad from the internet. These images are computer generated
and include an enormous selection of piciures of the Mandelbrot set. The
images differ in shape and color because of the parameters which are
used to generate them.

The researcher has downloaded from the internat two fractal
generating programs. Winfract is a complete fractal generating program
(The Stone Soup Group, 19493). Many different fractal generating
algorithms can be used and there is a wide selection of parameters from
which to choose. Winfract can zoom in on a any section of the fractal
image which is selected. Many color schemes can be employed.
Winfract requires about three minutes to generate a fractal image.

The Mandelbrot Set is ancther fracial generating program (Crew,
1983) . The Mandelbrat Set has all the features of Winfract except it can

only use the Mandelbrot set algorithm. The Mandslbrot Set program can
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generate the completed image in about ten seconds. The pregram also
has the ability to animate the image.

Fractals; An Animated Discussian is a one hour video which
introduces many of the concepts of lractal geometry (Peitgen, Jurgens,
Saupe & Zahlen). The fllm includes an interview with Bengit Mandelbrot.
Mandelbrot discusses the basic meaning of whal a fractal 15 and its
relationship to living and nonliving objects in nature. The film explains
many types of fractals and lllustrates how they can be generated on 2

compuler.
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CHAPTER 3

Procedures

Introduction

The purpase of this chapter is fo explain the procedures the
researcher used to develop a three week unit plan in fractal geometry and
the procedures used to evaluate the suceaess of the unit plan. The {opics
discussed in this chapter include procedures used in the areas of
selection of related material , selection of topics included in the unit plan,
development of individual lessons, construction of related computer
programs, and methods used to evaluate the success of the unii plan.
The instructional setting and population used 1o field test the unit plan is

alsa profiled in this chapter.

Selaction Related Matenal

The researcher selected material for this study from several
sources. All material that could be located which the researcher
considerad suitable for developing a fractal unit plan far the high schoal
leval student was reviewed. This included articles from magazines and
journals, books related to fractal geometry and computer programs for
generating fractal images. The researcher's primary sources for lacating
this material were Savitz Library at Rowan College of New Jersey,

Washington Tewnship High School Library in Sewsll, New Jersey, and
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materlal downloaded from the Intemet using Veronica and Archie

searches.

selection of Fractal Topics

Afier the researcher had evaluated the related material, the
decision had to be made as to what fractal topics should be included in
the unit plan. Within the limits of a three week time frame there are many
aspects of fractal geometry which can not be included. The rezearcher
used seven crilerna to determine whether or not a topic should be inciuded
fn the unit plan:

1. Can the topic be presented on a level which can be undersiood
by academicaily tracked high school students who have completed at
least one year of high school algebra?

2. Can the topic be exhibited by student construction using taols
such as pencil, paper, ruler and protractor?

3. Can the topic be exhibited by a computer generated image?

4. Does the topic help Intreduce or reinforca the notion of fteration?

5. Is an understanding of the topic necessary for the students to
comprehend the Mandelbrot set?

6. Can the topic adeguately be presented in no mere than three
¢lass periods?

7. |Is the topic generally included in an intreductory discourse of

fractal geometry?
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The researcher included topics in which the answer was yes to at least

five of the seven guestions.

Development of Individual Lesson Plans

The researcher struciured each lesson so that it could be
presented in fortyfive minutes. Each lesson plan included new definitions,
concepts and examples related to the topic under consideration. The
lesson plans were also written to include step by step procedures for
students to follow in order to construct the various fractal patterns and
designs. The scope and sequence of the lesson plans was
designed so that each lesson would be a logical outgrowth from the
pravious lesson. Topics covered ranged in duration from one to three
lesson plans. The lesson plans were developed so as to include a short
four or five question quiz on the day following the completion of a tepic.
Homework was included in most lesson plans. Some homework
assignments took the form of completing a project begun by the students
as classwork. Other homework assignments involved quesations involving
the mechanics of a particular construct or questions designed to develop
understanding of fractal concepts. A central theme throughout alt the
lesson plans is the cultivation of the notion of iteration.

Two lesson plans were developed to introduce the students to the
arithmetic of complex numbers and graphing complex numbers in the
complex plane. Although complex numbers are not a fopic in fractal

geomefry, an understanding of them is a necessary tool for constructing



22

the Mandelibrot set.

The researcher wrote three computer programs which were
designed to exhitit some of the concepts presented in the lessons.
These computer programs wers incorparated into lessons about computer
relatad fractal activities and will be discussed in more detail in the

following section of this chapter.

Construction of Related Computer Programs

The researcher wrote three computer programs to be used in a
lessons whose purpose was to infroduce students to computer generatad
fractal images. The three programs were designed to help students gain
an understanding of the following topics:

1. The Mandalbrot Sat

2. Sierpinskl's Triangle

3. Random movement
All the programs were written in Quick Basic because this is 8 computer
language which has good graphic capabilities and is commonly available
in high school computer laboratories.

The researcher developed the Mandelbrot sef and the Sierpinski
triangle programs so as io follow the game method of generation used by
the students in the classroom. Another factor in constructing these
nrograms was to keep the algorithms as simple as possible so that their
hasic structures could be understood without any prior computer

programiming knowledge.
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The random movemeant program was written by the ressarcher ta
show the students how a computer could be used to generate random
movement. In thia program the researcher starts with a point at the centar
of the acreen. Then the computer is directed to select a random number
to correspond to a direction in the XY-plane. This process is repealed
continuously to generaie a random path. The ressarchar algo added a
rmirror itnage featurs to this program to make it more interesting from
visual perapactive.

All of the Quick Basic programs dsed for the unit plan were
gonstructed by the researcher on a Pentium ninety megaheriz IBM
compatible computer. The programs wers transferred to a floppy disc and
then downioaded onto the compuicr network used by the researcher o
fizld test the programs with the students. The computer laboratory used
by the researcher in this etudy congistad of twentyfour networksd
workstations. Each waorkstation consisted of one thirtythre= megaheriz

430G IBM compatible computer.

v ion Fr I
The success of the unit plan was measured by the researcher
using two methods. The firsi method was a series of 8ix guizzes. Each
guiz was administered during the first ten minutes of a class period after
the conclusion of a fopic. Five of the quizzes consisied of four guestions.
One of the quirzes consisted of iive questions. The researcher Kept a

running total for each student of the number of quiz peints accumulated.
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Each student's quiz tolal was muitiplied by four to convett the score to a
hundred point ecale because thers was a potential of twenyfive total quiz
points.

The second method of evaluation was a test consisting of
twentyfive open ended questions. The regearcher constructad the test so
that each topic included in the unit plan would be represented. The test
was administered in one fortyfive minute period at the conclusion of the
unit plan. Each student's number of coract answers was multiplied by
four to convert the scors to a hundred point scale.

Thea data consisting of the cumulative quiz score and the {est score
for @ach student was then analyzed. Analysis consisted of compuling the
mean, median, mode, and standard deviation for the cumulative gquiz and

{est scores. These resulis are produced in chaptar four of this thesis,

I onal Sett

The researcher field ested the unit plan on three academically
advanced tenth grade geometry clagses at Washington Township High
Schaool in Southarn New Jersey. YWashington Township High School has
r student population of about two thousand five hundred students. About
eighty percent of the students attend college after graduation from the
high schoal. The three classes met Monday through Friday duting the
first three perlode of the achool day. The classes had enrollmants of
twentyfive, twentyfour and twentythree students. The unit plan was ficld
tested during the month of January 1995.
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CHAPTER 4
Analysis of Data
Introduction
This chapter describes the various topies in fractal geometry which
the researcher chosa to include in the unit plan. The actual lesson plans,
quizzes, test, answer keys, diagrams, computer programs and computer
printouts can be found in the appendixes of this study. The students'

performance on the quizzes and test is also analyzed and discussed in

this chapter.

r I i i il Plan

The first topic included in by the researcher 15 an introduction fo the
meaning of fractal geometry. The concept of self similarity is intreduced
and discussed through the use of real world and geometric
examples. The definitions of a fraclal object and fractal geometry are
presented. Some of the applications of fractal geomstry are included in
this lesson.

The naxt two topics coveraed are the Kach snowflake and the
Sierpinski triangle. These fractal shapes are an excellent method of
introducing students to the iterative procesa. Methods of constructing a
Koch snowflake and a Sierpinski triangle are presented. Students
construct and then analyze the geometric properties of the shapes. The
fractal nature of the Koch snowflake and the Sierpinski triangle are

discussed.



26

The chaos game follows the construction of the Sierpinski triangle
because it is a different method of forming the Sterpinski triangle and also
introduces students to the concepts of randomness and chaos. The
chaos game is an interesting method of generating the Sierpinski iriangle
because it can easily be translated into a computer program.

The length of an island's coastline is the next topic included in the
unit plan. Varous ways of transversing a coastline are discussed and a
comparison of their corresponding lengths is analyzed. Students then
calculate the perimeter of an island using several different units of
measurement. This problern stimulates thought about the fractal nature of
real wotld objects.

Three introductory lessons on complex numbers are then
presented. A basic understanding of complex number theory is necessary
in order to comprehand the Mandelbrol sel. Topics covered are i,
complex numbers, complex humber arithmetic and graphing complex
numbers in the complex plane. |t is assumed that the students have had
no prior experience with complex numbers.

The presentation of ihe Mandelbrot set follows the introduction to
complex numbers. The definition of the Mandalbrot set is developed and
several points in the complex plane are tested to determine whether ar not
they are elements of the Mandelbrot set. As the number of known points
included in the Mandelbrot set increases, the genearal location of the

Mandelbrot set begins to emerge.
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The last topic covered in the unit plan 12 computer generated fractal
images. Students are familiarized with computer programs which
generate random designs, Sierpinski's triangle and the Mandelbrot set.
The final activity takes place in the computer lab where students run the

programs and then chserve and discuss the computer generated fractal

images.

Analysis of Guiz and Test Scores

Seventythres students were given six short quizzes and one final
test during the course of the unit plan. The purpose of these instruments
was to provide a method of measuring the success of the unit plan. The

quiz and test results are presented in the following table.

Table 1

Archievement on quizzes and test

Quiz or test Mean Median Mode Range S.D.
intreduction 85.9 100 100 hi 10.2
Kach snowflake  96.9 100 100 25 B.3
Sierpinski triangla 87.6 100 100 25 7.4

Coastline/chacs 98.2 100 100 50 10.8
Complex numbers 84.1 100 100 80 21.1
Mandelrotset  91.8 100 100 50 12.5

Final test 86.1 g8 a6 40 10.0
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The possible scores for each guiz, with the exception of the
Mandelbrot quiz, are 0, 25, 50, 75, and 100. The possible scores for the
Mandelbrot quiz are 0, 20, 40, 60, 80, and 100. The final test consists of
twantyfive free response questions, each worth four points. The mean
scare for the each of the first four guizzes is about twelve points higher
than the mean score for the complex number quiz and about five points
higher than the mean score for the Mandelbrot quiz. It is difficult to
compare the mean test score to the mean quiz scoreg because of the
differences of the two instruments. The guizzes ars short &nd address
only what was taught in the previous lesson. The test however is a much

more comprehensive device and covers material presented over a three

weaek period.
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CHAPTER &

Surmmary of Findings, Conclusions, and Recommencdations

Introduction
This chapter summarizes the content of the fractal geometry unit
plan constructed by the researcher. A summary of quiz and fest resulls is
also presented. Conclusions are discussed about the success in
developing and teaching a fractal unit plan suitable for the high schogl
level. The researcher concludes this chapter with recommendations
concerning the development of other fractal geomelry lesson and uhit

plans.

summary of Findings
A three week fractal geometry lesson plan was developed by the

regearcher. The topics covered in the unit included

—

. intreductory vocabulary and ideas,
. the Koch snowflzke,

. Sterpinski's triangle,

. coastline problems,

2
3
4. the chaos game,
5
8. complex numbers,
7

. the Mandelbrot ast, and

&

camputer programes.
The length of time necessary to teach a topic varied from one to three

lessons.
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The mean score for each of the first four quizzes was about
ninetysix. The mean scaores for the complex number and Mandelbrot set
quizzes was about eightyfour and ninetytwo. The mean score for the final

test was about eightysix.

Lonclusions

Based on the tesson plans developed in this study, a fractal
geometry unit plan suitable for the high school can be developed.

The researcher field tested the unit plan in Washington Township in
Southern New Jersey. At Washington Township High School a grade of
seventy represents a successful completion of a quiz, test or course. In
this study the researcher accepis this criterion as the measure of success
in the teaching of the fractal geometry unit plan. Based on the analysis of
the quiz and test results in this study, the fractal geometry unit plan was

successfully taught.

RBecommendations
Fractal geornetry unit plans can vary greatly in lengih, topics
covered and level of mathematical maturity. [t would be a very worihwhile
undertaking to construci other fractal geometry unit plans which address
these differences.
The unit plan in this study is three weeks in length. A unit plan of
jonger duration could more fully explore the topics covered in this unit plan

and also include fractal topics of interest not present in this study. It
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would be very stimulating for the student to spend more time: in the
computer [aboratary. Lessons designed to show students how to
construct beautiful and colorful fractal images on a computer would be an
interesting topic for further study. The fractal nature of clouds, tress and
other real world objects would also he on area for further lesson plan
development.

Anocther interesting and worthwhile direction to explore is the
construction of fractal geometry unit plans for the middle and elementary
school level student. Although some of the mathematics necessary for an
understanding of the Mandelbrot set is above the level of this age group,
many of the other fractal concepts and designs ¢can be comprehended

and appreciated by middle and elementary school students.



Appendix A
Fractal Geometry Unit Plan
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Each of the following lesson plans is designed to cover a time petiod
of about fortyfive minutes. This includas time for presentation of
concepts, student activities, discussion, and quizzes. I s suggesied that
each of the quizzes In appendix B be given at the beginning of the class
period following the completion of the topic. Students should have or be
supplied with rulers and protractors in order to properly complete {he
assignmenis in the first five lessons.  All caleulations are carried out o

four decimal point accuracy.
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LESSON ONE: INTRODUGCTION

Salt Simlartty - if a part of an ohject is exactly or roughly the same shape
as the abject then the object exhibits self similarity.

Here are drawings of two geometric examples:

Twao real world examples are:
1. a liled square room

2. a kangaroo with & joey in the pouch

Eractal Object - an object in which self similanty can be found over and

over again with smaller and smaller sections of an object.
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Here are two geometic fractal drawings. It should be stressed that the

drawings are meant to get infinitely small.

A

Real world examples of fracial shapes are:
1. the branching of a trae

2. blood vessels in the human body

3. a head of cauliflower

4. the reflection in two mimors facing each other

Eractal Gieometry - the mathematical study of fractal objecis.
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Benoit Mandelbiot - the mathematician whao developed many of the ideas

and concepts of fractal geometry about twenty years ago.

Uses of fractal geometry:

1. medical research with heart problems

2. weather prediction

3. abstracl art through the use computer images

4. data compression for computer file transfers.

Suggested activities after presentation of thiz lesson are:

1. Have students list other real world examples of self similarity and
fractal cbjects.

2. Students should draw other examples of geometric shapes exhibiting
self similarity and shapes having fractal properties.

3. Encourage siudents to do a research report on one the mentioned |

uses of fractal geometry.
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LE N TWO: THE

The Koch Snowflake - a very popular fractal shape invented by the

Swedish mathematician Helge von Koch in 1804,

licration - the process of repeating the same process over and over again

an the result of the process.

The Koch snowiflake is generated be using the fallowing iterative process.
1. Start with an equilateral triangle.

2. Divide each side into thirds.

3. Caonstruct a new equilateral triangte on the middls third of each side.
4. Erase the middle third of each side.
&

. Gantinue to repeat steps 2, 3 and 4.

Here is the Kach snowilake drawn through two iterations.
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Suggested activitics after the presentation of this lesson are:
1. Have studenis construct a Koch snowflaks, repeating the itarative
process at least three times.
2. Present the students with the following questions:
How does the number of sides compare to the humber of sides of
the
previous level? Answer: it increases four fimes
How doeas the length of each side compare lo the length of sach side
of the previcus level? Answer, it decreases by a factor of three
How does the perimeter of each level compare to the perimeter of
the pravious level? Answer: it increases by a factor of 4/3
3. Have students construct a chart for the first four levels of the Kach
snowflake showing number of sides, length of each side, and

perimetar.
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THREE: SIERP !

Sierpinski's Triangle - this is another very popular fractal design which can

be constructed with pencil and paper.

The Sierpinski triangle can be generated using the following iterative

Process!

1.
2.
3.
4,
3.

Start with an equilateral triangie which is not shaded in.
|.ocate the midpaint of each side of every unshaded triangle.
Gonnect the three midpoints of each unshaded triangle.
Shade in the new triangle(s) formed.

Continue to repeat steps 2, 3, and 4.

Heare is & drawing of the Sierpinski triangle with the iterative process

repeated three times
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Suggested activities after the presentation of this lesson are:
1. Have students construct a Sierpinski triangle, repeating the iterative
process four times.
2. Present the students with the following questions:
How does the number of unshaded triangles compare to that of the
previous level? Answer: it increases three times
How does the area of 2ach unshaded triangle compare to that of the
previous level? Answer: it decreases by a factor of four
How does the total unshaded surface area compare to that of the
previous level? Answer itis 3/4 of the previous area
3. Have students construct a chart for the first four levels of the Sierpinksi
triangle showing the number of unshaded triangles, the area of each

unshaded triangle, and the total area of the unshaded triangles.
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LE N

A poputar fractal problem is to calculate the length of the coastline of an

island. In this lesson mythical islands are used. There are several

methods which coutd be used to compute tha length of the coastline.

1. An ocean liner could sail around the island.

2. A speed baat could fravel around the island hugging the coastline as
closely as possible.

3. A person could walk along the coastline.

4. An ant could craw! along the coastline.

The coastline length measured by the ocean liner would be the smallest

and that measured by the ant would be the largest. As the unit of

rneasurement decreases, the calculated coastline length increases.

Here is a drawing of a mythical island with the perimater celculated with a
one inch measuring unit.
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Suggested activities after the presentation of this lessan are:

1. Draw a mythical island and give each student a copy. Have the
students measure the caastline using a three, two and oneg inch unit of
measurament.

2. Have each student draw their own island and agaln compute its
coastline using a three, two and one inch unit of measurement.

3. Have students make statements about what happens to the coastline

length as the unit of measuremsnt decreases.
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L N -

Chaos - the concept that very amall data changes can dramatically
influance the result of a process or experiment. Another notion of chaos

is that randomly chosen events can produce an orderly result

An excellent example of randomness producing order is the chaos game.
The chaos game generates the Sierpinekl triangle through a process of
randem selection. In order to play the chaos game the students will need
a die or some other method of making a random selection of three
choices. Rolling a ane or two represents choice A. Roelling a three or four
represents choice B. Rolling a five or glx represents choice G, Tha
Sierpinekl triangle can be generated from an equilateral triangle using the
following iterative process.

1. Randomiy select a point P in the interior of the triangle.

Z. Randomly select one of the verlexes of the tiangle.

3. Find the midpoint of the randomly selected vertex and paint P.

4, Plot this midpeint and eall it P.

5. Go lo step 2.

This process will genarate pointa{P} which will never fall in the shaded
area of the Sierpinski triangle. If the process is repeated many times the
Sierpinski triangle will begin to form. The Slerpineki triangle can easily be
generated using the chaos game on a computer. This is one of the

programs in lesson sleven.
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Suggested activitics after the presentatian of this lesson are:

1. Have students play the chaos game and generate at least ten polnts.

2. Have students construct the first two levels of the Sierpinki triangle
uzing the mathaod in lesson three. This should be drawn on top of the
ten points generaled using the chaos game.

3. Sludents should notice that the ten points generated do not fall within
the shaded regicns generated using the lessan three method.

4. Students should experiment playing the chans game with other shaped

triangles. The Sierpinski tiangle can successiully be made with any

type of triangle.
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N DUCTION T
=8 x=3o0r-3
x2=1,x=10r-1
% = -1 has no real solution because any positive number squared equals
a positive nurmber and any negative number squared also equals a

positive number,

We define i to equal the square root of -1. That is, i2= 1.

i is called an jmaginary number.

A complex number is defined as any number which ¢an be written in the

form a + bi, where a and b are real numbers.

Examples of complex numbers are: 6 -+ 2i
-3 + 35i
2-T1 or2+-7i
-19.2 - 3.6ior-18.2 + 3.6

Complex numbers can be graphed in what is called the complex plane.
The x-axis is the real pari of the complex number.

The y-axis is the inaginary part of the complex number.

Therafore any complex number, a + bi would be graphed as {a,b) in the

complex plane as displayed in the following graph.
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I
+3 Et&
-3 + 2i
. 1+ 2
+ ]
LI 3
O+-7i94-1
I T
1 +-2i
--3

Complex numbers can be added and subtracted using the faliowing rules:
@+bh+{c+dy=(@a+c)+db+di

and
(@a+bi)-{c+diy=(a-c)+(b-d)
Examples:
2+3p+(O+E=(2+5)+(3+8)i=7+9i
(8+2)+(3+34i))=-5+54i
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(A+30) -3+ M=(4-D+(3-7i=1+-4i
(2 +8i)-(5-B0)=(2-5) + (8 B)i= 3+ 14i

Suggested activities after the presentation of this lesson are:

1. Have students graph the following complex numbers:
3 +8i, 2+4i, -3+-55i, 7-1i, -6-9i, -7, and 3i

2. Have students solve the following addition and subtraction problems
1. 4-30+(E+2) answer 10+-iar10-:

(3+22)+(4-7i) answer: 7+ 48ior7-48i

(7 - Gi} + (4 - 2)) answer: 11 +-8ior 11-8i

(2 + 30) + (7 + 20y anawer. 9+ 5i

(7.2 + 200+ (-3-51) answer: 4.2 + 135i

(2 + 1)+ (8 -3i) answer: 10+ 2iar 10 - 2i

(4 +3i)-(8 +2I) answer: -4 +]

L {2-AD-(B-31) answer, -4 +-ior-4-i

(7 +2i) - {3+ 5i) answer: 4 +-3iord-3i

o T A

1Q. (3 +3i) - {8 + 2.5) answer: -5 + .5i
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N SEVER: MPLEX NUMBE

Recall from algebra | that (a + B)(c + d) =ac +ad + be + bd
Therefore (a + bi)(c + di) = ac + adi + bei + bdi? = ac + {ad + be)i + bd(-1)

= ac + (ad + be)i - bd = (ac -hd) + (ad + he)i
Examples:

1. (2+30(4+50) =8+ 10i + 12 + 157 = 8 + 22 + 16(-1) = -7 + 22i

2. (G- 202 = (6- 2006 - 20) = 36 - 121 - 127 + 4i2 = 36 - 24i 1 4(-1) = 32 24]

3 (340024 (7T-3)=0+Bi+Gi+42+7-3 =0+ Bi+60+A(-1)+7 -3
=12 +6i

Here are three problems to do with the students as class work:
1. (3 +8i)(5 + 2i) answer: 3 + 38

2. (5-40)2 answer: 41 - 40i

3, (2+02+(7-20) answer: 10+ 2i

Suggested activities after the presentation of this lesson are:
A. Have students salve the following multiplication problems:

1. (2 #3571 answar, -11 + 24i

2. (2-1){4+9i) answer: 21 + 5i

3. (4 -5i)B - 6) answer. 2 - B4i

4. (7 + 2I}¢ angwer. 45 + 28]

5. (4 -3 answer: -8.84 - 2.4

B. (3 +5i)2 + (4 - 9i) answar: -12 + 211

B. Have students write and salve six complex number mulliplications
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N Fl : NITUD

Magnitude of a complex number - the distance a complex number is from
the origin.

Recall that in a right triangle the Pythagorean Theorem states that
a? + b2 = g2, where a and b are the lengths of the legs of the triangle and

c is the length of the hypotenuse.

Therefore the magnitude of any number complex number a + bi is equal

to Ver+ b® as shown in the following graph.

(a, b)

[N ] ]




49

Examples:

Find the magnitude of 3+ 4i, V32+42=Jo+16=/25-5
Find the magnitude of 2 + 0i, V22 +02=y 4 =2
Find the magnitude of .5 - 61, v.5% + .67 =v.25+ 36 =81 = 7810

Have studenis compute the magnitude of the following complex numbers
as class wark.

1. 4 -21 answer: 2.0386

2. 12+ 5 answer13

3. .7 +.31 answer: 7616

4 32 +0i answer: 5.6568

Suggested actlvities after the presentation of this lesson are;
A. Have students compute the magnitude of the following numbers:
1. 3-4i answer §
2.1+ .1 answer: .1414
3. 4 + .21 answer: 4.0050
4. B1+ .31 answer: .6798
. 27 -1.2i answer: 1.23
B. Have students write and computs the magnitude of five complax

numhbers.
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LES ; T SET

The Mandelbrot set is constructed by testing points in the complex plane
to see whether or not they are part of the set. The test consists of the

foliowing iterative process.

1. Start with 0 + 0i.
Add the complex number being tested.
Compute the magnitude of this sum.

Square the sum.

S

Go to step 2.

If the magnitude of the sum gets greater and greater as the loop Is
repeated over and over again, then the complex number being tested is

not in the Mandelbrot set.

If the magnitude of the sum ever gets greater than two, this means that
the magnitude of the sum will get greater and greater and therefore the

complex number being {ested is not in the Mandelbrot set.

There is na definitive number of times the iterative process should be
repeated to guarantee that a test number is in the Mandelbrot set. The
more times the iterative loap is repeated without the magnitude of the sum
becoming greater than two, the mare likely it is that the test number is in

the Mandelbrot set.
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In the following exercises the test number will be checked up fo three

times through the loop to see if its magnitude is greater than two. The

step numbers in the examples refer to the step numbers in the iterative

loop explained on the previous page.

Example 1:  Test number =1 + 1i
1. 0+ 0i
L0+01 F 1+ o= 1+

A2+ 12=151=V2= 14141 (1.4141<2)

2+ 1+ o= 1 +30

V12+32=/10=36122 (31622>2)

2
3
4. (1+1i=1+2i-1=2
2
3

(3.1622 = 2) tells us that 1 + 1i will produce greater and greater

magnitudes as the loop Is repeated. Therefore 1 + 1iis not in the

Mandelbrot set,

Example 2: Testnumber=0+ 51

1. 0+ 0i

2.0+01 + 0+.51 = 0+.50

3.2+ 52=V52=5 (5<2)

4. (5)2 =252 =_25

2.-25 + 0+.51 = -26+ .50

3. V252 + 52 =1/0825 + .25 =/.3125 = 5590
4. (-.25 + 5i)2 = - 1875 - .25

(-53890 < 2}
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2 -1875- 25i + 0+ .6 = -1875+ 25
3. V18752 + 252 =V 0352 + 0625 =\/0977 = 3126 (3126<2)

After three times through the loop the test number 0 + .8i has not
produced a magnitude greater than two. Therefore, based on three

iterations, 0+ .5i is in the Mandelbrot set.

Suggested activity after presentation of this lesson:

Have students calculate if each of the following numbers is in the
Mandeibrot set based on a maximum of three iterations. These problems
take about five minutes each and should be completed for homework.

1. -2 + 3i answer: not in Mandelbrot set

-1 -1i answer: not in Mandelbrot set

{0+ .5i answer; in Mandelbrot set

-1 + 0i answer: in Mandelbrot set

koL N

-1+ .5i answer: not in Mandelbrot set
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: THE MANDE T T

In arder {o appreciate the Mandelbrot set it is very important that the
iterative process involved is understood, For this reason it is suggested
that a second day be spent testing numbers (o see If they represent paints
which are in the Mandelbrot aet. Again, & meximum of three iterations

ghould be used.

Have students put the homework prohlems on the chalkboard and check

their work.

Assign the following additional problems as class work.
1. -1-1i answer: not in Mandelbrot sst

. 1-11 answer: not in Mandelbrot st

2

3 0-.5 answer: in Mandelbrot set

4. 3+ 2 answer: not in Mandelbrot set
5

0+ .11 answer: in Mandslbrot sat
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TER P RAM

The purpose of this lesson is to intraduce the students to fractal images
generated by a computer. The four programs | have wrltten for this legson
are meant to be executed on a IBM compatible computer with Microsoft
Quick Basic installed on the system. It is mast advaniageous for each
student to have his ar her own work station. Students can however pair
up or the entire lesson could be presented by the instructor uging a single
campuier. The programs can be typed individually by the students or the
programs can preloaded i the system is networkad. If the instructor is not
familiar with the workings of the computer lab, the lab supervisor should

be contacted far assistance.

The Programs

1. Bandom Image Cenerator: This program can be found on page &7 10
appendix D. The purpose of this program is to demonstrate haw a
computer can be used to generate a random image. The program
mirrar images the display with respect to the Y-axis to make the output
visually more interesting. A sample output of this program can be
faund on page 71 in appendix E. The students can change the colar of
the image by changing the number 15 In ine 63 to any other number 1
through 14.

2. Sierpinski's Triangle: This program can be found on page 68 in

appendix D. The purpose of this program is to demonsirate how a



a5

computer can be used o generate the Sierpinkei tiangle using the
chaos game. The oulput of this program can be found on page 72 In
appendlx E. The colors used can be changed in lines 120, 210, and
310 as described in the random image: genaratar program.
. The Mandelbrot Set: This program ¢an be found on page 68 in
appendix D. The purpoze of this programs is to demonstrate how a
computer can be used to generate the Mandalbrot set. The colars can
ba changed in lines 60 and 63 as dascribed in the random image
generator program. This program uses a maximum iteration number
of 25. The output of thie program can be found on page 73 in
appendix E. The cutput of this program with the iteration number in
line 47 changed to 100 iterations can be jound on page 74 in appendix
E. This pragram has to run for a few minutes before the first
Mandelbrat set points appear on the screeh.

med in Mandelbr I . Thia program can ke found on
page 70 in appendix D. The cutput of this program can be found on
page 75 in appendix E. The purpose of this program is to demonsirate
how a computer can be used to generate a colorful varation of the
Mandelbrot set. This Is accomplished by zooming in an a small
section of the set near its barder and by assigning different colors to
points based on what iteration level their magnitude becams greater

than two.
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There are two very important proparties that should be pointed out after

the complstion of this lesson.

1. Ali Mandelbrot set points are within a distance of two units from the
origin.

2. The Mandelbrot s&t is a fractal image because smaller and smaller

Mandalbrot =ets can ke found near its border.

Note: The program lo generate the Mandelbrot set using 100 iterations
and pragrar four take a few hours to genarate. Thersfore it is suggestad
that the instructor start these programs on a few computers sarly in the
period o the students can see tha images beginning o develop by the
and of the peried. The students should then be shown the final output of

these programa.



af

TWEELVE: REVIEW FOR TEST

The purpose of this lesson is o provide a review far the fractal geometry

test.

1. Students should review and dissuss the meaning of the following

words and concepts: self similanty, fractal object, fractal geometry,
Benoit Mandelbrot, Koch snowflake, lteration, Sierpinski triangle,
chaos, the chaos game, Mandelbrat set, imaginary and complex
numbers.

. Students should review and discuss the terative proceas for
consiructing the Koch snowflake, the Sietpingki tiangle, the chaos
game and the Mandeibrot gat.

. Students should review and discuss the properties of the Koch
snowflake, the Sierpinski triangle and the Mandelbrot set.

. Students should review and discuss the method of graphing, adding,
subtracting, mulliplying and finding magnitudes of complex numbers.
. Students should review and discuss some of the uses of fractal
geometry,

. Siudents should review and discuss the methods of calculating the

length of the coastling of an island.
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LESSON THIRTEEN: FRACTAL GEOMETRY TEST

This test is designed to be given in a class pericd of fortyfive minutes.

The test can be found on page of appendix B.

L E : TRY FIi M
Show the film Eractals: An Animated Discussion by H. Q. Peitgen, H.
Jurgens, D. Saupe and C. Zahlten. This is an excellent film to use as a
concluding activity to this unit plan. The film discusses the meaning of
fractal geometry, shows many interesting computer genaraied fractal
images and has an interview with Benoit Mandelbrot. The film is sixty-
three minutes long. it should therefore be concluded on the final day of

the unit ptan.

N ION OF FILM AN
1. Show the concluding twenty minutes of Eractais: An Animated
Di o,

2. Pass back and go over test answers.
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Quizzes and Test
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QUIZ 1 - INTRODRUCTION TO FRACTAL GEOMETRY

. If part of an object is the same shape as the entire object then the
ohject is

. If emaller and smaller copies of an object can be found within an ohject
then the object is a object.

. True or False

An apple is an example of a {ractal object.

. Name the person who developed many of the ideas of fractal

geometry.

QLIZ 2 - THE KOCH SNOWFLAKE

- Name the Swedish mathematician who in 1904 invented the fracial
snowflake.

. If a fractal snowflake has a side length of 6 inches in level 2, what will
be a side length in level 37

_ If mare and mare levels of the snowflake are created its perimeier

a) remains constant b) equals 50 units ¢) approaches 0

d) gets larger and larger

. True or False

The construction of the fractal snowflake begins with an equilateral

triangle.
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IZ 3 - THE SIERPINSKI

. True or False

The Sierpinski triangle is formed by bisecting the three angles of the
trangle.

. With each new level, how many fimes does the number of unshaded
triangles increasa?

_ The total unshaded area of each new level is what fraction of the
unshaded area of the previous level?

. Who invented the Sierpinski triangle?

QUIZ 4 - CHAQS GAME AND COASTLINE PERIMETER

. True or False

As the unit of measurement decreases used to measure a coastling,
the computed length of the coastline increases.

. The idea that very small changes in data can greatly effect the out-
come 18 an example of

_ i the chaos game is played long enough will begin to
appear.

. How many paints are you randomly choosing from in the chaos game?
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. (3 + 204 -30) =

(2 +6.30) + (b-47i) =
(% -3i)-(7-4.90)=
(1.3 + 22 =

Find the magnitude of 1.8 + .3i (Round answer to nearest hundredth)

. The Mandelbrot set was discovered about years aga.

[f the magnitude of the iterated teat point evar gets largerthan
it means that the test point is net in the Mandelbrat set.

True or False

The entire Mandelbrot set can easily be generated with ruler, pencil
and paper in a few minutes.

if the point  + tis iterated to see if it is in the Mandelbret set, what is
the length of the third magnitude?
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FRACTAL GEOMET

1. An cbject in which a part of the cbject is the same shape as the object
is called

2. An object in which smaller and smaller replicas of the object can
repeatedly be found within it is ¢alled a

3. is given credit for inventing fractal geomatry.

4. Name a field in which fractal geometry has applications.

5. The process of repeating the same procedure aver and over again I1s
called

6. i1f a Koch snowflake has length of 9 inches on each side in level 2,

what will be a side length in level 37

‘q

_If a fractal snowflake has Y sides, how many sides will it have on the
next level?

8. If the snowilake perimeter is 27 on level 4, what is its perimeter on
level 57

9. With each new level of the Sierpineki friangle, how many times does
the number of unshaded iriangles increase form the previous level?

10. if the unshaded area of the Sierpinski triangle is 38 sguare inches,

then the unshaded area on the next level will be
11. The chaos game randomly selects from how many points?
12. The points generated in the chaos game never fall in what part of the

Sierpinksi triangle?
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14.

135.
16.
17.
18
19.
20.
21

22.

63

The idea that very small changes in data can greatly effect the out-
COIme Is an exarnple of

As the unit of measurement to compute the length of a coaslline
decreases, the calculated coastline length will

v =

(5+3)2=

B-3+(-2+8)=

(2-74+ )=

Find the magnitude of 1 + 2i

The Mandelbrot set is symmaetric with respect to what axis?

If the magnitude of an iterated test point ever gets larger than
the test point is noi in the Mandelbrot sef.

The Mandelbrot st is confined to a region within Lnits

from the crigin.

If cach of these test paints is iterated to see if it is in the Mandelbrot set,

what is the length of the third magnitude?

23.
24,
25

-5+ .2
-4+ O
What are the 2 magnitudes that the test point -1 + 0i allernates

between?
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Answer Keys
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1. Self Similar
2. Fractai
3. False
4. Mandeslbrot

Quiz 2 - The Koch Snowflake
1. Kach

2. Two
3. D
4. True

iz 3 - The Sierpinskd T l
1. False

2. Three

3. 34

4. Sierpinski

1. True

2. Chaos

3. The Sierpinski Triangle
4. Three

line Perim

64



Uiz 5 -
18-

. 7T+1.6i

L 2+1.9

. -2.31 +5.2]
. 1.82

Quiz 8 - The Mandelbrot Set

1
2
3
4

. Twenty
. Two
. False

1

Fractal Geometry Test

1.

© @ N O ook W N

Self Similar

Fractal

Mandelbrot

Medicing, Art, Weather, or Data Compression
fteration

3 inches

4y

36

3 times

10. 27 3q. in.

65



11.
12.
13.
14.
15.
16,
17.
18.
19.
20.
21.
22.
23.
24
23.

3 points
The shaded region
Chaos
Increase
i

16 + 30i
4 + 5i
9-2i
2.24

X axis

2

2 units
46

.34
0and 1

66
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Camputer Programs



10 REM RANDOM PATH GENERATCR BY IRA FINE
16 SCREEN 12

20 CLS

23 RANDOMIZE TIMER.

25x =320

27y = 240

SOWHILES =5

40 cx = INT(RND(1) * 3)

S0 cy = INT(RND(1) * 3)
S1IF(ex=0) THENx=x-1
52 IF (cx= 1) THEN x = x + 0
B3 IF (ex=2) THENx =x+1
54 1F (cy=0) THENy =y -1
55IF (cy=1) THENYy=y+0
56IF (cy=2) THENy =y + 1
57IF (x=-1) THENx=0

58 IF (x = 640) THEN x = 639
59 1F (y=-1) THENy=0

B0 IF (v = 480) THEN y = 479
63 PSET {x, v},15: PSET (840 - x, y),15
70 WEND

67



10 REM THE CHACS GAME AND SIERPINSKI TRIANGLE
15 CLS

20 RANDOMIZE TIMER

30 SCREEN 12

A0 x = 200: y = 300

50 ¢ = INT(RND(1) * 3)

80 IF ¢ =0 THEN 100 ELSE 180

100 x=(x+43)/2:y=(y+479) /2
120 PSET (x, v),15

130 GOTO 50

180 1F ¢ =1 THEN 200 ELSE 300
200x=(x+320)/2:y=vy /2

210 PSET x, v),15

220 GOTO 50

30 x=(x+587)/2:y=(y+479) /2
310 PSET (x, v),15

320 GOTO 50

63

BY 1. FINE



10 REM MANDELBROT SET GENERATOR
15 CLE

20 SCREEN 12

35th=-1.2

I0FOR b =479 10O 240 STEP -1
32th=tb+ .005

Fdta=-223

40 FORa=0TOB29

42 ta =ta + .005

44 x =0

45y=0

47 FORii=1TCG 25
49nx=x"2-y*r2+1a
Bly=2"x*y+th

B2 x=nx

b4 mag=x*2+yh2

56 IF {mag = 4) THEN GOTO 63

58 NEXT It

80 PSET (a, b), 15: PSET {3, 480 -b), 15
81 GOTO 88

83 PSET (a, b), 1: PSET (a, 480 -b), 1
68 NEXTa

TONEXT B

80 GOTO 80

BY [RA FINE

6&



10 REM ZOOMED IN COLOR FRACTAL BY IRA FINE

15 CLS

20 SCREEN 12

35 tb = 3840698
JOFORB=0TO 479

32 th = th + 0000014224764
34 ta = -1.25406058#
ADFOR a=0T0O 639

A2 ta = ta + .000001422476#
44 x=0

45y=10

A7 FOR 1t =1 TG 300
48nx=x"2-y*2ta
S1y=2"x"y+1b

52 x=nx

5S4 mag=x"*2+y"2

58 IF {mag = 4) THEN GOTO 51
RS NEXT it

60 GOTO 68
Gle=itMOD 4 + 1
G2IF{e=3)THENc =14
BEIF (it~ 80y THEN =&
66 PSET (g, h), ¢

B8 NEXT a

TONEXT b

80 GOTO 80

70



Appendix E

Caomputer Printouts
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